We propose a simple wavefunction for the ground state of general atomic three-body systems in which two light particles are negatively charged and the third (heavy) is positively charged. By construction this wavefunction (i) has the same analytical form for all systems; (ii) is parameter-free; (iii) is nodeless; (iv) satisfies all two-particle cusp conditions; and (v) yields reasonable ground-state energies for several three-body systems, including the prediction of a bound state for H − , D − , T − and Mu − . For illustration, results are given for several three-body systems, and in particular for variants of helium-like ions. We provide analytical formulae, as well as simple polynomial fits for certain subcases, which allow one to have a rapid estimate of the ground-state energy and to study the stability for quite general cases.
Introduction
The study of the structure and stability of Coulombic threebody systems with arbitrary masses/charges has been the subject of many investigations (see, for example, the review [1] ). In a previous paper [2] , we have proposed a pedagogical and simple wavefunction for the ground state of two-electron atoms which: (i) is parameter-free; (ii) is nodeless; (iii) satisfies all two-particle cusp conditions [3] ; and (iv) yields reasonable ground-state energies, including the prediction of a bound state for H − . Besides, the simplicity of the wavefunction allowed us to obtain analytic expressions for the mean energy, and other mean physical quantities. That paper, however, dealt only with the two-electron case and with a nuclear mass considered as infinite.
In this paper we want to generalize the proposed wavefunction [2] to more general atomic three-body systems in which one of the particles is positively charged and heavier than the other two which are negatively charged (not necessarily with unit charge). The motivations behind this work are twofold. First this generalization will allow us to consider the two-electron case but with a finite nuclear mass (various isotopes can then be considered). Secondly, other exotic three-body systems can be studied; for example (i) one of the electrons of the helium atom can be replaced either by a muon (µ − ) or by antihydrogen nuclei p − , d − or t − ; (ii) both electrons can be replaced by muons.
The aim is to have a simple wavefunction for the ground state which has a unique mathematical form for all situations, is nodeless and satisfies all two-body cusp conditions. Moreover, we want this function to be parameter free, so that it is fully determined given a set of three charges and three masses. A wavefunction with all these characteristics is currently not available in the literature. As in [2] , the simplicity of the proposed wavefunction is such that analytical expressions for the ground-state energy (and other mean physical quantities) can be derived. Hence, the results provide a useful predictive and simple tool to estimate the energy, and therefore to study the stability, of exotic Coulombic three-body systems. To our knowledge, such a tool is not available in the literature. Of course due to its simplicity, energy values cannot be that good when compared to advanced variational wavefunctions which involve a large number of basis functions [4] [5] [6] [7] [8] . However, the latter generally do not satisfy cusp conditions exactly and do not have a predictive character since they have to be optimized each time for a given three-body system.
Outside the fundamental and spectroscopical importance of finding a unique mathematical wavefunction for many (traditional and exotic) three-body systems, the result should be of interest to the collision community. Indeed, simple enough, but sufficiently accurate wavefunctions are very useful as a starting point in calculations of double ionization cross sections by electron or radiation impact for He-like systems [9, 10] , and the same applies to exotic systems in collision with electrons, muons or radiation. The use of highly sophisticated wavefunctions with large numbers of terms is sometimes prohibitive when using time-demanding computer codes to evaluate cross sections. Moreover, the importance of the fulfilment of the Kato cusp conditions by the trial wavefunction has been pointed out for the study of several physical processes. For example, in photo-double ionization and electron-atom double ionization processes (see, e.g., [9, 11, 12] ), failure in satisfying the cusp conditions leads to wrong results in cross section calculations of particular physical processes [11, 13] . As another example, we may quote the evaluation of expectation values of some singular two-particle operators which have consequences in the calculation of annihilation cross sections [14] .
Atomic units are used throughout (h = m e = e = 1).
Generalities
Consider the general case of three charged particles z i and masses m i (i = 1, 2, 3), and denote by [m 1 m 2 m 3 ] the threebody system. We will deal, in what follows, with atomic systems where 3 will be the heaviest particle, positively charged (z 3 > 0), and the two lighter particles (1 will be the lightest) are negatively charged, z 1 < 0 and z 2 < 0. Let r i denote their positions, and r ij = r i − r j (i = j) their relative vectors. We further choose to place particle 3 at the origin of the coordinates, so that the interparticles coordinates are r 1 , r 2 and r 12 . The reduced masses are given by
and we define the quantities
To study the stability of a three-body 
where the non-relativistic Hamiltonian H is given by
with 12 + 
is usually minimized with trial wavefunctions (variational method).
The study of the two-body Coulomb singularities (D 0 part) of the Hamiltonian (5) has led Kato [3] to provide mathematical conditions that must satisfy (the so-called cusp conditions). In the general case of three charge particles, they are given by [3, 15] 
where means the average of over a very small sphere of radius r 1 (respectively, r 2 (10) where an extra multiplying factor is included without affecting the cusp conditions. Consider three arbitrary particles, with z 1 < 0, z 2 < 0 and z 3 > 0 (and m 3 supposed larger than m 1 and m 2 ), so that the quantities ν 13 
where c 1 and c 2 have to be determined, and N is the normalization constant. These coefficients must be positive in order to avoid any nodes in the ground state, and they are supposed to be smaller than 1. However, the first condition cannot be satisfied for several physical systems. To avoid this problem we propose a simplified version of (11)
where c has to be determined (for scaling and dimension reasons, it will be convenient to set c = Cν 
where χ 0 is a generalization of Patil's proposal (see equation (10)) [16] 
and
The mean energy (8) 
By optimizing E 
which is always real (indeed, no complex values of c opt can be obtained by diagonalization of the three-body Hamiltonian with the basis functions χ 0 and χ 1 ). Moreover, as we do not want any unphysical nodes in GEN ARG , i.e. we want c opt to be positive, the plus sign is chosen in front of the square root. Upon replacement into equation (16), one obtains the expression of the energy E GEN ARG in terms of only the three charges and three masses. Analytical expressions for h mn and s mn can be derived in the general case but they are far too large to be reproduced here (expansions in series or approximations cannot be proposed since no quantity is, a priori, very small or very large). However, they simplify in important subcases as discussed in the next section. GEN Patil In this section we derive an analytic expression for E 
Analytical expressions

Mean energy for the generalized Patil wavefunction
∂r 12 ( 19) where the energy E 0 ,
is identical to that corresponding to the ground state of the independent particle model (IPM) [17] . As can be seen from equation (19), GEN Patil solves the D 0 plus the
operator which does not couple the coordinates. The correlation factor (1 + ν 12 r 12 ), multiplying the two-body Coulomb functions in (14) , satisfies a modified Coulomb problem on the r 12 coordinate where the additional term
must be included. By looking at equation (19) , the mean energy for the full three-body problem (8) when using the wavefunction GEN Patil is given by E 0 plus the mean values of the right-hand side of (19) and of the D 1 operator (equation (7)). The mean energy can thus be separated into two terms
where E Patil,D0 represents the energy given by the separable part of the Hamiltonian (the three two-body Coulomb problems) 12 |χ 0 ,
and a coupling energy
which is associated with kinetic energy transferred from one pair of particles to the other, and is therefore always positive. To express analytically the mean values defining E GEN Patil, D0 and E 
whereas χ 0 | ∂ ∂r 12 |χ 
The value r = 0 corresponds to the virtual case of an infinitely heavy particle 3. For the specific two-electron case (m 1 = m 2 = 1 and z 1 = z 2 = −1), the energy is expressed in terms of the nuclear charge z 3 = Z and the nuclear mass m 3 . By further considering an infinitely heavy nucleus (m 3 → ∞), i.e. r = 0, we find the expression given by equation (12) 
Numerical results
Let us now apply the proposed wavefunction (equation (12)) to several three-body systems. First, we consider some specific examples with unit charges z 1 = z 2 = −1 and arbitrary masses (section 5.1). Then two important subcases for arbitrary charges z 1 = z 2 < 0, z 3 > 0 are discussed separately: m 1 = m 2 (section 5.2) and m 3 → ∞ (section 5.3).
Several three-body systems
Consider first the following negative hydrogen-like three-body systems made of two electrons m 1 = m 2 and a third heavier particle with charge [18] (it is also assumed that the positive (µ + ) and negative (µ − ) muon masses are equal). We also consider negative hydrogen-like three-body systems where the two electrons are replaced by two muons.
For these systems, the generalized Patil wavefunction (equation (14)) fails to predict a bound state, i.e. condition (3) For the normal helium atom, particle 2 is an electron (m 2 = 1) while for the muonic helium atom, particle 2 is a muon (m 2 = m µ ). For antihydrogen nuclei helium atoms, particle 2 is either p (m 3 = ∞) which is often taken as a reference. These masses are the same as those considered by Frolov [7] , and taken from [19] . The ground-state energies for these helium-like systems predicted by the generalized GEN ARG (equation (12)) and GEN Patil (equation (14) In view of the simplicity of GEN ARG , the results presented in the two tables can be considered as rather good, and similar to those obtained for example by Patil [20] . For larger values of z 3 , the agreement with precise calculated values is even better. Note also that the optimized values c ν 2 13 are always smaller than 1, and for a given three-body system, do not vary much with the choice of nuclear mass m 3 (see also the next two subsections). For the ∞ H − ion and the normal helium atom ∞ He, the energies corresponding to the wavefunction GEN ARG were presented in [2] . For the cases where particle m
− or t − , the resulting energies in atomic units are much larger since E[m 2 m 3 ], which is essentially proportional to m 2 , already provides most of the energy; one should keep this in mind when visually comparing with numerically 'exact' values. The energy agreement we found is of the same relative quality for all systems considered.
In table 2 , results for the ground-state energy for the antiprotonic helium are presented. One should keep in mind though that the ground state, in this case, is short-lived due to an antiproton annihilation on a nucleus, so that the states of experimental interest are metastable states in the continuum [14] . For given masses m 1 = m 2 and m 3 , and the ratio u = z 2 /z 3 , one may directly find the optimal c value and the corresponding energy. Suppose, for example, one Table 2 . The numerically 'exact' mean energies for several helium-like (z 3 = 2) three-body systems are compared with those obtained with Patil wavefunction (equation (14)) and the proposed wavefunction GEN ARG (equation (12) [m
c ν 2 13 Normal [7] . c Smith and Frolov [5] . is satisfied. As a particular case, we may consider an infinitely heavy m 3 particle (r = 0), so that the critical charge ratio is −z 3 /z 2 > 0.945 37. This value has to be compared to 0.911 02 given in the literature [21] .
Case m 3 → ∞
Consider now the case where particle 3 has a virtual infinite mass, and still z 1 = z 2 < 0 (not necessarily of unit charge). The optimized c opt ν 2 13 and the energy predicted E GEN ARG E[m 2 m 3 ] depend only on the ratios t = m 2 /m 1 and u = z 2 /z 3 . By fixing the mass ratio t to a given value, we may then plot these quantities as a function of u (see figure 3) . For example, for t = 1 (m 1 = m 2 ) we are in the situation of the previous section when r = m 2 /m 3 = 0. The ratio
is smaller than 1 for −1/u < 0.94537 so that the three-body system is predicted not to be stable for these values (and the curves are then represented by dotted lines). For particles 1 and 2 of unit charges this means that the critical charge is again z 3 = 0.94537. Other values of the mass ratio t can be easily considered in a similar way.
Since the reduced quantities vary smoothly with the ratio u, we have made a polynomial fit and found, for example for , z 3 ) ). In the limit case where the greater symbol is replaced by the equal sign, the solution of a fourth power polynomial leads to analytical expressions for the critical charge.
Concluding remarks
We have proposed a simple wavefunction for the ground state of three-body Coulombic systems with arbitrary charges in which one of the particles (positively charged) is heavier than the other two (negatively charged). The wavefunction GEN ARG (equation (12)), with c replaced by its optimal value (equation (18) ) in terms of (m i , z i ) : (i) has the same form for all systems; (ii) is parameter-free; (iii) is nodeless; (iv) satisfies, by construction, all two-particle cusp conditions; and (v) yields reasonable ground-state energies for several systems. Of course, because of its simple form, the wavefunction GEN ARG has its limitations since it does not contain all the necessary ingredients like, for example, the correct asymptotic form at large interparticle distances. The behaviour when one light particle is far away from the others is included, for example, in the analytical wavefunction proposed by Patil [20] which is quite adequate for a particular system such as [e − µ − He 2+ ] (as studied in [20] ) since the electron will tend to be far from the nucleus and the muon; the same wavefunction, though, is not as efficient for other three-body systems. In contrast to his proposal, our wavefunction has the advantage that it is nodeless, it satisfies exactly all Kato cusp conditions and has the same form for all the systems. On the other hand, we are aware that GEN ARG cannot compete with advanced variational wavefunctions which involve large numbers of basis functions. The latter, however, (i) do not have a predictive character and have to be optimized each time for different systems; (ii) in most cases, do not satisfy exactly Kato cusp conditions.
The simplicity of the proposed wavefunction is such that analytical expressions for the ground-state energy can be derived (other expectation values as those given in our previous paper [2] can also be given). Hence, the results provide a useful predictive and simple tool to estimate the energy, and therefore to study the stability, of exotic Coulombic three-body systems. As an example, one may easily observe the evolution of the system's energy by varying one of the masses or one of the charges. Besides, GEN ARG can be useful as an easy-touse wavefunction when testing collision models with exotic systems.
An investigation of molecular three-body systems with a similar approach can be envisaged. It is not clear, however, if the same simplicity and analytical character of the present results will be easily tractable.
